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Abstract
In previous works (arXiv:1610.07916, arXiv:1711.07921, arXiv:1807.00186) we stud-
ied a class of toric Calabi-Yau threefolds which engineer six-dimensional supersymmetric
gauge theories with gauge group U(N) and adjoint matter. The Ka¨hler moduli space of
these manifolds can be extended through flop transformations to include regions which
are described by so-called shifted toric web diagrams. In this paper we analyse gauge
theories that are engineered by these shifted toric web diagrams and argue that in specific
limits, some of the them engineer five-dimensional quiver gauge theories with gauge group
G ⊂ U(N) and with fundamental and bi-fundamental matter. We discuss several exam-
ples in detail and describe how the matter sector is obtained from the six-dimensional
parent theory.
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1 Introduction
The engineering of five- and six-dimensional superconformal theories in string theory, using
branes or geometry, has provided insights into various properties of these theories including
the allowed matter content. More recently, the classification of the five- and six-dimensional
superconformal theories has been studied using M- and F-theory on Calabi-Yau threefolds [1–
5]. An extension of the classification of six-dimensional superconformal theories also resulted
in the classification of little string theories [6]. The latter have an intrinsic scale set by Mstring
and are related to superconformal theories by a particular limit which gets rid of this scale
[7–15]. The geometry of Calabi-Yau threefolds plays an important role in these classifications
determining the gauge groups and matter content of the available theories [16–19].
In this paper we continue our study of a particularly rich class of such Calabi-Yau threefolds,
called XN,M (with N,M ∈ N), which was introduced in [20–22]. These manifolds are toric [23]
and are parametrized by NM + 2 independent Ka¨hler parameters. It was proposed in [24] that
a given XN,M engineers via F-theory three different quiver gauge theories in six dimensions
(compactified on S1) with gauge groups [U(N)]M , [U(M)]N and [U(NM/k)]k respectively,
where k = gcd(N,M). These theories are dual to each other in the sense that they have the
same partition function ZN,M({h,v,m}), where {h,v,m} is the set of Ka¨hler parameters of
XN,M (with a suitable parametrisation). The main difference between the three gauge theories
is the interpretation of these Ka¨hler parameters in terms of the gauge theory data, namely
2
coupling constants, the mass parameters of the matter content as well as parameters related to
the gauge structure.
It was further pointed out in [30] that the number of (different) dual gauge theories is in
general even higher than three. Indeed, it was argued in [24] (and demonstrated explicitly in
[31] for gcd(N,M) = 1) that the Calabi-Yau manifolds XN,M and XN ′,M ′ (with NM = N
′M ′
and gcd(N,M) = gcd(N ′,M ′)) are related through a series of flop transformations that leave
ZN,M({h,v,m}) invariant. This implies that XN,M engineers a web of dual gauge theories with
gauge groups [U(N ′)]M
′
for all (M ′, N ′) satisfying the above conditions.
The duality transformation discovered in [24] is particular in the sense that it relates specific
classes of toric web diagrams to one another. However, the extended moduli space [25–29, 16, 19]
of XN,M also contains other geometries, such as the so-called shifted webs X
(δ)
N,M , which were
introduced in [30]. The latter are parametrised by an integer δ ∈ {0, 1, . . . , N − 1} which
governs how the planar web is glued together on a torus (an example for M = 1 is shown in
Fig. 1), such that X
(δ=0)
N,M = XN,M . While for δ = 0 F-theory compactifications on X
(δ=0)
N,M are
dual to M5-brane configurations probing a non-trivial background, a similar formulation for the
cases δ 6= 0 is more delicate. In particular, while a straight-forward decompactification limit
exists in the former case, a similar limit is not immediately obvious in the latter case. This also
makes the question what gauge theories (if any) are engineered by the configurations X
(δ 6=0)
N,M
more difficult to answer, since a simple five-dimensional limit (in which the partition function
ZN,M could be compared with the Nekrasov partition function) is not evident. In this paper,
we analyze this problem for the case of shifted web diagrams of the form X
(δ)
N,1. We show first
with the help of a number of examples, that such web diagrams allow non-trivial one-parameter
limits which reduce them to configurations that are known to engineer five-dimensional quiver
gauge theories. While the gauge group of the latter is in general a subgroup of U(N), they
generically exhibit a rich matter spectrum. Based on these examples, we can generalize our
discussion by extending a recurrent pattern.
Specifically, this paper is organised as follows: In section 2 we study various examples of the
decompactification of shifted webs which reduce the six-dimensional theory to a five-dimensional
theory. Different decompactification limits give rise to various different five-dimensional theo-
ries which can be thought of as dual to one another once lifted back up to six dimensions. We
particularly point out that certain well known five-dimensional theories arise via the decom-
pactification of manifolds that are described by the the above mentioned shifted web diagrams.
Generalising a pattern appearing in the examples of section 2, we propose a two parameter
series of five-dimensional theories in section 3, which arises from the decompactification limit of
shifted web diagrams of the type X
(B(A+1)−1)
A+B+AB,1 for A,B ∈ N (subject to certain conditions). In
section 4 we present our conclusions and comment on future directions. Furthermore, several
technical details have been relegated to two appendices.
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2 Specific examples
The two-parameter class of Calabi-Yau threefolds (labelled interchangeably XN,M or X
(δ=0)
N,M in
the current work) that was studied in [33, 24, 31, 34] is dual to N M5-branes wrapped on S1
probing a transverse ALE-space of type ÂM−1. The Ka¨hler moduli space of these manifolds
takes the form of a cone which can be extended through flop transitions of (−1,−1)-curves1
in XN,M . In [24] it was argued (and reviewed in [31]) that a particular sequence of such
transformations allows to connect the Ka¨hler cones of X
(δ=0)
N,M and X
(δ=0)
N ′,M ′ if NM = N
′M ′ and
gcd(N,M) = gcd(N ′,M ′).2 The Ka¨hler cones of XN,M and XN ′,M ′ are thus conjectured to be
part of a larger, so-called extended Ka¨hler moduli space. In [31], this conjecture was explicitly
verified at the level of the topological string partition function ZN,M of XN,M for the case of
gcd(N,M) = 1. The partition function takes the schematic form
ZN,M =
∑
α
(
M∏
i=1
N∏
j=1
e−uij |α
i
j |
)
N∏
j=1
W
α1j ...α
M
j
α1j+1...α
M
j+1
(QKa¨hler) , (2.1)
where W
α1j ...α
M
j
α1j+1...α
M
j+1
are a set of universal building blocks, which are labelled by NM integer
partitions αij (with α
i
j+N = α
i
j) and (uij, QKa¨hler) are a particular parametrisation of the Ka¨hler
parameters of XN,M . For more details (specifically the precise dependence of W
α1j ...α
M
j
α1j+1...α
M
j+1
on
QKa¨hler), as well as an interpretation of the latter from a gauge theoretical point of view, we refer
the reader to [31, 30] (for the discussion of the topological string partition function of elliptic
Calabi-Yau threefolds, see [35, 36]). We remark, however, that ZN,M transforms covariantly
with respect to two copies of SL(2,Z), one of which is made manifest in the formulation (2.1).
The modular parameter of the latter shall be denoted ρ in the following.
The toric manifolds XN,M engineer six-dimensional gauge theories compactified on a circle
S1 with radius R, which (in suitable units) is related to ρ as follows:
Im(ρ) =
1
R
. (2.2)
The five-dimensional limit R → 0 thus corresponds to the limit ρ → i∞ (one of the cusps of
the corresponding SL(2,Z)), which is well defined from the perspective of (2.1) and can in fact
be obtained through an expansion in terms of Qρ = e
2piiρ. Geometrically, the elliptic parameter
ρ is associated to an elliptic curve which can be realised as a sum of N P1’s. Sending ρ→ i∞ is
1We denote curves with local geometry O(a) ⊕ O(b) 7→ P1 as (a, b)-curves, where a + b = −2 due to the
Calabi-Yau condition.
2It was argued in [30], that these relations imply the existence of an unexpectedly large web of dualities
between the six-dimensional gauge theories that are engineered by these web diagrams. More precisely, it
was conjectured that theories with gauge group [U(N)]M are dual to those with [U(N ′)]M
′
where (N,M) and
(N ′,M ′) are related as above.
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N + 1− δ
N + 2− δ
N− 1− δ
N− δ
1
2
3
N
a
a
Figure 1: Web diagram for X
(δ)
N,1. The labelling of the lines at the top of the diagram is
understood to be modulo N , such that for δ = 0 we get back the ’usual’ web diagram XN,1.
achieved by taking the size of one of these P1’s to infinity. The result is still a toric Calabi-Yau
manifold which can thus be used to engineer a five-dimensional gauge theory.
During intermediate steps of the previously mentioned sequence of flop transformations
discussed in [24], other Ka¨hler cones are encountered which can be described with so-called
shifted web diagrams. An example of the latter (corresponding to X
(δ)
N,1 for δ ∈ [0, N − 1)) is
shown in Fig. 1: the vertical lines at the top and the bottom of the diagram are glued together
with a shift δ. In fact, it was argued in [24, 31], that a X
(δ)
N,M web diagram can be related to
a X
(δ+k)
N,M web diagram (where k = gcd(N,M)) through a combination of flop (and SL(2,Z)-)
transformations. A five-dimensional limit of the type ρ → i∞ as in the case of δ = 0 before,
is difficult to realise for the shifted webs with δ 6= 0. This can be directly understood from the
diagram in Fig. 1: the na¨ıve limit ρ→ i∞ corresponds to pulling the two horizontal lines that
are glued along the label a (drawn in red in Fig. 1) off to infinity. In this limit (and for δ 6= 0),
however, the only way of gluing the lines at the bottom of the diagram to the ones at the top of
the diagram involves crossings, which are not consistent. This, however, does not preclude the
existence of other, more involved limits of the Ka¨hler parameters of the web diagram X
(δ)
N,M ,
which leave a consistent web diagram thus engineering a viable five-dimensional gauge theory.
In the remainder of this section we shall discuss with the help of a number of examples the
existence of such novel limits and analyse the types of five-dimensional gauge theories they can
give rise to. While the five-dimensional limit of theories with δ = 0 in general leads to the
same gauge groups as their six-dimensional counter parts, for δ 6= 0, we find new gauge groups
(which are subgroups of their six-dimensional parents), however, with a richer matter content.
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2.1 Example: (N,M) = (3, 1)
H1
H2
H3
V3
V1
V2
M1
M2
M33
1
2
1
2
3
a
a
α
d
Figure 2: Web diagram of X
(1)
3,1 .
To illustrate the problem of finding an appropri-
ate decompactification limit for non-trivial shift δ 6=
0 mod N , we begin with the simplest non-trivial ex-
ample, namely X
(δ=1)
3,1 , whose web diagram is shown in
Fig. 2 along with a labelling of all the Ka¨hler parame-
ters (H1,2,3, V1,2,3,M1,2,3) (the blue parameters, as well
as the significance of the red lines shall be discussed
below). Since the vertical curves at the top of the dia-
gram are identified with their counterparts at the bot-
tom with the relative shift δ = 1, the limit H1 → ∞
cannot be taken in a way such that none of the re-
maining lines intersect one another. However, as we
shall discuss now, there is another limit which leads to
a non-compact web diagram that engineers a five-dimensional gauge theory. To understand
how to obtain this limit, we consider the geometry of F1 ∪ F1 compactified on a torus (i.e.
with the external legs identified pairwise), as shown in Fig. 3 (see [32] for the non-compact
case). The latter can be related to the web diagram of X
(δ=1)
3,1 in Fig. 2 upon performing a
flop transformation of the curves −E1 and −E2. To see this, we consider the presentation of
the geometry in Fig. 3 (b) and perform a flop transformation on the curve −E1 to obtain the
configuration shown in Fig. 4 (a). After an SL(2,Z) transformation the web diagram takes the
a b
b a
B
F2 +B
F1 +B
F1
F1
F2F2
−E1
−E1
−E2
−E2
(a)
a
a
1
2
3
1
2
3
−E2 F 2 +
B
F2 B
F1
F
1 +
B
−E1F2 +
B
F2
B
F1
F 1
+
B −E2
(b)
Figure 3: (a) Gluing two copies of F1. (b) Same geometry after cutting along the red line and
re-gluing along the line labelled −E1.
form shown in Fig. 4 (b). Finally, performing a flop transformation of the curve −E2 we obtain
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aa
1
2
3
1
2
3
−E2 F 2 +
B
− E 1
F2 B
F1
F 2
+
B
− E 1 E1
F 1
+
B
− E 1
F2 − E1
B
F1
F 1
+
B
− E 1 −E2
(a)
a
a
1
2
3
1
2
3
−E2
F 2
+
B
− E 1
F2
B
F1 − E1
F
2 +
B −
E
1
E1
F
1 +
B −
E
1
F2 − E1
F1
F 1
+
B
− E 1 −E2
(b)
Figure 4: (a) Geometry of Fig. 3 after a flop transformation of the line −E1. (b) Same geometry
after an SL(2,Z) transformation.
the geometry shown in Fig. 2 corresponding to the web diagram of X
(δ=1)
3,1 . Here the Ka¨hler
parameters are identified
H1 = F2 − E2 , H2 = E1 , H3 = F1 − E2 ,
V1 = B , V2 = F1 +B − E1 − E2 , V3 = F2 +B − E1 − E2 ,
M1 = F1 − E1 , M2 = F2 − E1 , M3 = E2 . (2.3)
From the relation between Fig. 3 (a) and Fig. 2 we can get an inspiration for a five-dimensional
limit of X
(1)
3,1 . Indeed, Fig. 3 (a) allows various geometrically non-trivial limits, some of which
carry over to decompactifications of X
(δ=1)
3,1 that do not have the problem of crossing or intersect-
ing lines. One example is the limit F2 →∞3, which in Fig. 2 corresponds to H1, V3,M2 →∞,
whose web diagram is shown in Fig. 5. Here the label ∅ on the external legs indicates that
these lines extend to infinity. To study the five-dimensional theory associated with this web in
more detail (in particular its matter content and partition function) in detail, it is convenient
to introduce a basis of parameters (d, a, g,m1,m2) (partially shown in Fig. 2), such that all
consistency conditions are satisfied
2a = α1 = H2 +M1 , g = V1 +M1 , d = V3 ,
2m1 = M1 −H2 , 2m2 = M3 −H3 . (2.4)
3The latter corresponds to the large fiber limit of one of the F1 in Fig. 3 (a).
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The relation to the Ka¨hler parameters appearing in Fig. 3 is
F1 = 2a , F2 = d+ 3a− g +m2 , B = g − a−m1 ,
E1 = a−m1 , E2 = a+m2 . (2.5)
while in terms of the parameters in Fig. 2 we have
H1 = 2a+ d− g , H2 = a−m1 , H3 = a−m2 , M1 = a+m1 ,
M2 = 2a+ d− g +m1 +m2 , M3 = a+m2 , V1 = g −m1 − a , V2 = g − a−m2 , V3 = d .
Using this parametrisation, the partition function Z(δ=1)3,1 takes the following form:
Z(δ=1)3,1 =
∑
α1,α2,α3
(QdQaQ
1/2
m1
Q3/2m2 )
|α1|(QdQ3aQ
1/2
m1
Q3/2m2 )
|α2|(Q−2a Qm1Qm2Qg)
|α3|
× ϑα1α1(Q; ρ)ϑα2α2(Q; ρ)ϑα3α3(Q; ρ)ϑα1α2(QQ
−2
a ; ρ)ϑα2α1(QQ2a; ρ)
ϑα3α3(1; ρ)ϑα2α3(Q−1QaQm2 ; ρ)ϑα1α3(Q−1Q−1a Qm2 ; ρ)ϑα3α2(QQ−1a Q−1m2 ; ρ)
× ϑα2α3(QaQm2 ; ρ)ϑα1α3(Qm2Q
−1
a ; ρ)ϑα3α2(Qm1Q
−1
a ; ρ)ϑα3α1(Qm1Qa; ρ)
ϑα3α1(QQaQ−1m2 ; ρ)ϑα1α1(1; ρ)ϑα2α2(1; ρ)ϑα1α2(Q−2a ; ρ)ϑα2α1(Q2a; ρ)
. (2.6)
where the modular parameter is ρ = 8a+ 2d− 2g +m1 +m2 and we used the notation
Qa = e
−a , Qd = e−d , Qg = e−g , Qm1,2 = e
−m1,2 , Q = QdQ4aQm1Qm2Q−1g ,
and the summations α1 , α2 and α3 are over integer partitions of |α1| , |α2| and |α3| respectively.
For the notation of the functions ϑµν , we refer the reader to e.g. [31].
g
α1
M1
M3
H3
H2
V2
V1
∅
∅
∅ ∅
∅
∅
Figure 5: Decompactified
web diagram of X
(1)
3,1 .
In the limit d→∞ one has
H1 →∞ , V3 →∞ , M2 →∞ , (2.7)
which implies that the areas of the curves drawn in red in Fig. 2
become infinite and the corresponding lines are pulled to infinity.
The remaining web diagram (shown in Fig. 5) is still toric and
in fact corresponds to local dP3. The latter engineers [32] a five-
dimensional gauge theory with gauge group4 SU(2) and whose
matter content transforms as Nf = 2 copies of the fundamental
representation. We denote this theory as (SU(2), 2 F).
In the limit d → ∞, also the partition function (2.6) sim-
4 There are no extra contributions to the partition function coming from parallel external legs [40]. Thus,
the gauge group obtained is SU(2) instead of U(2).
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plifies, in particular the theta functions can be written in terms of the Nekrasov factors5 as
follows
ϑµν(x; ρ) −−−→
ρ→i∞
x−
|µ|+|ν|
2 t
1
4
(||µt||2−||νt||2) q−
1
4
(||µ||2−||ν||2)Nµν
(
x
√
t
q
)
,
ϑµν(x; ρ) −−−−−−−→
ρ→i∞ ,x 7→0
x−
|µ|+|ν|
2 t
1
4
(||µt||2−||νt||2) q−
1
4
(||µ||2−||ν||2) , (2.8)
where the Nekrasov factor is defined as
Nµν(x) =
∏
(i,j)∈µ
(
1− x tνtj−i qµi−j+1
) ∏
(i,j)∈ν
(
1− x t−µtj+i−1 q−νi+j
)
. (2.9)
Using (2.8) in (2.6) the partition function takes the following form:
Z5DdP3 =
∑
α1,2
(−1)|α1|+|α2|
(
Q−2a QgQ
−1
m1
Q−1m2
)|α1|+|α2|
×
Nα1∅(Qm2Q
−1
a
√
t
q
)N∅α1(Qm1Qa
√
t
q
)Nα2∅(Qm2Qa
√
t
q
)N∅α2(Qm1Q
−1
a
√
t
q
)
Nα1α1(
√
t
q
)Nα2α2(
√
t
q
)Nα1α2(Q
−2
a
√
t
q
)Nα2α1(Q
2
a
√
t
q
)
. (2.10)
which is indeed the partition function of the five-dimensional N = 1 SU(2) gauge theory with
Nf = 2 [37–40]. By associating weights to the ϑ-functions in 2.6 one can see how the matter and
vector representations get reduced upon taking the non-trivial five-dimensional limit discussed
above. The weights are assigned based on the intersection numbers of the curves that make
up the arguments with the compact divisors Si [41]. In appendix B we review a method to
calculate the intersection numbers. Starting with the vector multiplet contribution (which gives
rise to the ϑ-functions in the denominator of the partition function in eq. (2.6)) we have the
following weight assignments in terms of Dynkin labels ([λ1], [λ2]) of su(3):
ϑα1α1 → [0, 0] , ϑα2α2 → [0, 0] , ϑα3α3 → [0, 0]
ϑα1α2 → [2,−1] , ϑα2α3 → [−1, 2] , ϑα1α3 → [1, 1]
ϑα2α1 → [−2, 1] , ϑα3α2 → [−1, 2] , ϑα3α1 → [−1,−1] (2.11)
As expected for a vector multiplet, we find the su(3) adjoint representation plus a singlet. We
can perform a similar analysis for the adjoint hypermultiplet contribution (which gives rise to
5For a partition µ = (µ1, µ2, · · · ) with parts µi we define ||µ||2 =
∑
i µ
2
i
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Vector representation
[1,1]
[1,0]
[0,1]
[-1,0]
[-1,-1] [0,-1]
[0,0]
[1,1]
[1,0]
[0,1]
[-1,0]
[-1,-1] [0,-1]
[0,0]
Matter representation
Figure 6: The vector and matter representation of the (3, 1) web with shift δ = 1. The weights
in red get ”projected” out upon taking the 5d limit. The circles around the weight [0, 0] indicate
that the latter is threefold degenerate.
the ϑ-functions in the numerator of the partition function in eq. (2.6)):
ϑα1α1 → [0, 0] , ϑα2α2 → [0, 0] , ϑα3α3 → [0, 0]
ϑα1α2 → [2,−1] , ϑα2α3 → [−1, 2] , ϑα1α3 → [1, 1]
ϑα2α1 → [−2, 1] , ϑα3α2 → [−1, 2] , ϑα3α1 → [−1,−1] (2.12)
Again, as expected this gives the adjoint representation for the hypermultiplet plus a singlet.
We can represent the vector and hypermultiplet representation in the weight lattices, as shown
in Fig. 6. The weights that are colored in red, are related to the ϑ-functions whose argument
goes to zero upon taking the 5d limit. These weights get projected out and we are left with an
adjoint su(2) representation plus a singlet for the vector multiplet and two fundamental su(2)
representations for the hypermultiplet. This agrees, as it should, with what one expects at the
level of the web-diagram.
2.2 Example: (N,M) = (5, 1)
Similar decompactification limits as for the web diagram of X
(δ=1)
3,1 discussed in the previous
section, can also be found for other configurations. As the next non-trivial example we present
the case X
(δ)
5,1 for shifts δ = 2 and δ = 3.
6
2.2.1 Shift δ = 2
The web diagram of X
(2)
5,1 is shown in Fig. 7 along with a suitable labelling of the areas of all
individual curves. Similar to the previous example, not all of the latter are independent, but
they are subject to a number of consistency conditions, as explained in [21, 42]. Inspired by the
6The remaining shifts δ = 1 and δ = 4 can be directly related to these two by means of a simple re-
arrangement of the web diagram. They therefore do not give rise to new non-trivial limits.
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H1
H2
H3
H4
H5
V4
V5
V1
V2
V3
M1
M2
M3
M4
M5
4
5
1
2
3
1
2
3
4
5
a
a
α1
α2
g
d
Figure 7: Web diagram of X
(δ=2)
5,1 . The blue parameters provide a (partial) basis for labelling
the areas for all curves of the diagram. The curves displayed in red, are decompactified in the
limit (2.15), i.e. their area is sent to infinity.
parametrisation of X
(1)
3,1 above, we can introduce (d, α1, α2,m1,m2,m3, g) (as partially indicated
in Fig. 7)
d = H1 , α1 = M1 +H2 , α2 = M2 +H3 , m1 = M1 −H2 ,
m2 = M2 −H2 +M4 −H5 , m3 = M5 −H5 , g = V2 , (2.13)
which provide a solution to the consistency conditions of the form
H1 = d , H2 =
α1 −m1
2
, H3 =
α2 −m2 +m3
2
, H4 =
α1 −m2 +m1
2
, H5 =
α2 −m3
2
,
V1 =
2g − 2m1 +m2
2
, V2 = g , V3 =
2g +m2 − 2m3
2
, V4 =
2d+ 2g −m1 + 2m2 − 2m3 − α1
2
,
V5 =
2d+ 2g − 2m1 + 2m2 −m3 − α2
2
, M1 =
m1 + α1
2
, M2 =
m2 −m3 + α2
2
,
M3 =
2d+m2
2
, M4 =
α1 −m1 +m2
2
, M5 =
α2 +m3
2
. (2.14)
In the limit d → ∞ (while keeping the remaining parameters α1, α2,m1,m2,m3, g finite) we
have
H1 →∞ , V4,5 →∞ , M3 →∞ . (2.15)
The corresponding curves in the web diagram Fig. 7 (drawn in red) become non-compact and
the remaining web diagram can be presented in the form of Fig. 8. This geometry engineers
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a five-dimensional gauge theory, which has been previously studied in the literature [32]: it
corresponds to a theory with gauge group U(3) whose matter content transforms as four copies
of its fundamental representation. Therefore, the limit d → ∞ can be interpreted as a de-
compactification limit of the six-dimensional theory constructed from X
(δ=2)
5,1 to five dimensions
engineering the theory (U(3), 4 F). However, it should be noted that the latter is not at a
generic point in the moduli space: the theory (U(3), 4 F) allows for seven independent pa-
rameters7, while the theory engineered from the web diagram Fig. 8 only has six independent
parameters (as a consequence of the consistency conditions of the compact diagram Fig. 7). As
a consequence, the theory engineered in this manner has an additional constraint relating the
masses of the matter fields.
2.2.2 Shift δ = 3
α1
α2
g
M1
H2
H3
M2
H4
M4
H5
M5
V1
V2
V3
∅
∅
∅
∅
∅
∅
∅
∅
Figure 8: Web diagram of the
decompactified X
(δ=2)
5,1 .
A limit similar to (2.15) can also be found for X
(δ=3)
5,1 , whose
web diagram (along with a suitable labelling of the areas of the
various curves) is shown in Fig. 9. Inspired by the case δ = 2
we introduce the set of parameters (α1, α2, g1, g2,m1,m2, d),
which are indirectly defined through
α1 = M1 +H2 , α2 = M2 +H2 , H1 = d− α1 ,
g1 = V1 +M1 , g2 = M3 + V3 , m1 = α2 +M1 −H2 ,
m2 = g1 − g2 −H4 +M3 − 2α1 + α2 . (2.16)
These parameters provide a solution to the consistency condi-
tions of the web diagram of X
(δ=3)
5,1 in the sense that the areas
of all curves (H1,...,5, V1,...,5,M1,...,5) can be expressed in terms
of (α1, α2, g1, g2,m1,m2, d):
H1 = d− α1 , H2 = α1 + α2 −m1
2
, H3 = d− α2 , H4 = α2 − α1 + g1 − g2 −m2
2
,
H5 = α1 − α2 − g1 − g2 +m2
2
, V1 = g1 − m1 + α1 − α2
2
, V2 = −α2 + g1 + g2 −m2
2
,
V3 = −α1 + g1 + g2 −m2
2
, V4 = g2 − m1 − α1 + α2
2
, V5 = d+
g1 + g2 −m1 +m2 − α1 − α2
2
,
M1 =
m1 + α1 − α2
2
, M2 =
m1 − α1 + α2
2
, M3 = α1 +
m2 − g1 + g2
2
, M4 = d+m2 ,
M5 = α2 +
m2 + g1 − g2
2
. (2.17)
7These seven parameters correspond to a gauge coupling constant, two vacuum expectation values of vector
multiplet scalars and the masses of the four fundamental matter representations.
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H1
H2
H3
H4
H5
V3
V4
V5
V1
V2
M1
M2
M3
M4
M5
3
4
5
1
2
1
2
3
4
5
a
a
α1
α2
Figure 9: Web diagram of X
(δ=3)
5,1 . The blue parameters provide a (partial) basis for labelling
the areas for all curves of the diagram. The curves displayed in red, become non-compact in
the limit (2.18), i.e. their area is sent to infinity.
α1
α2
M1
H2 M2
H5
M5
V1
V2
M3
H4
V3
V4
∅
∅
∅
∅
∅
∅
∅
∅
Figure 10: Web diagram of
the decompactified X
(δ=3)
5,1 .
In the limit d → ∞ (while keeping the remaining parameters
(α1, α2, g1, g2,m1,m2) finite) one finds
H1, H3 →∞ , V5 →∞ , M4 →∞ , (2.18)
which means that the corresponding curves in the web diagram
(indicated in red in Fig. 9) are decompactified. The resulting
diagram can be presented in the form of Fig. 10, where ∅
indicates that these curves are pulled all the way to infinity.
Therefore, the diagram in Fig. 10 corresponds to a non-compact
web and the limit d → ∞ can be understood as a decompacti-
fication limit to five dimensions. Furthermore, since Fig. 10 can
be interpreted as an SL(2,Z) transformation of Fig. 8, the five-
dimensional gauge theory engineered by the former is in fact an S-dual version of (U(3), 4F),
namely ([U(2)]2, 2F,BF). The latter theory is indeed engineered by the same diagram Fig. 10
up to an SL(2,Z) transformation (which acts essentially as a rotation).
Finally, similar to the case of (U(3), 4F) engineered from Fig. 8, the ([U(2)]2, 2F,BF) theory
engineered from Fig. 10 is not at a generic point in its moduli space. Instead, due to the
consistency conditions of the original diagram Fig. 9, the theory is in a co-dimension one
subspace. The additional constraint relates the two coupling constants of the gauge groups.
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3 A Two Parameter Series of Five-dimensional Theories
The examples of the previous section can be generalised to more sophisticated configurations:
in the following we shall provide non-trivial evidence that five-dimensional gauge theories of
the type
(
[U(A+ 1)]B, 2AF, (B − 1) BF) (with A,B ∈ N) can be engineered from a shifted
web diagram.
Our starting point is the web diagram of X
(δ=B(A+1)−1)
A+B+AB,1 , as shown in Fig. 11, where we have
added a labelling of the areas of all curves. Here we assume A > 0 and B > 0. Web diagrams
of this type are parametrised by A + B + AB + 2 independent parameters. Generalising the
pattern of the previous examples, we conjecture that there exists a one-parameter limit such
that
H1+k(A+1) →∞ , VB+AB+r →∞ , MB+AB →∞ ∀
{
k = 0, . . . , B − 1
r = 1, . . . , A
(3.1)
while keeping the areas of all remaining curves finite. The B horizontal, A vertical and the
single diagonal curve that are decompactified in the limit (3.1) are shown in red in Fig. 11.
The resulting web diagram is non-compact and can be presented in the form of Fig. 12. The
latter corresponds to AB hexagons Sa,b (with a = 1, . . . , A and b = 1, . . . , B) being arranged
in a symmetric array.
a
A + 2
1
· · ·
2(A + 1)
2(A + 1) + 1
A + 1
A + 2
· · ·
B + AB + 1
B + AB−A
· · ·
A + B + AB
1
2
B + AB− 1
B + AB
B + AB + 1
· · ·
A + 1
A + B + AB
a
H1
H2 HA+1
HA+2
HA+3 HB+AB−A
H
B
+
A
B
−A
+
1
HB+AB−1
H
B
+
A
B
H
B
+
A
B
+
1
H
B
+
A
B
+
2
HA+B+AB
H1
M1
M
A
+
1
M
A
+
2
M
B
+
A
B
−A
M
B
+
A
B
−1
M
B
+
A
B
M
B
+
A
B
+
1 M
A
+
B
+
A
B
V1
VA+1
VA+2
VB+AB−A
VB+AB−1
VB+AB
VB+AB
VA+B+AB
S1,1
S2,1
SA,B
SA−1,BSA,2
S1,1
Figure 11: Web Diagram of X
(δ=B(A+1)−1)
A+B+AB,1 . The curves drawn in red are being decompactified
in the limit eq.(3.1). The blue labels Sa,b indicate the same hexagons as in Fig. 12.
The web diagram Fig. 12 engineers a (linear) quiver gauge theory in five dimensions with
B gauge nodes of gauge group U(A + 1), whose matter content consists of B − 1 bifun-
14
∅∅
∅ ∅
∅
∅
∅
∅
∅
∅
∅
∅
∅
∅
∅
∅∅
∅
∅
∅
S1,1
S2,1
S3,1
S4,1
S1,B−1
S2,B−1
SA−1,B−1
SA,B−1
S1,B
SA−2,B
SA−1,B
SA,B
Figure 12: Web diagram consisting of AB hexagons obtained in the decompactification limit
(3.1) from Fig. 11.
damental representations and Nf = 2A fundamental representations, which we denote by(
[U(A+ 1)]B, 2AF , (B − 1) BF). The latter can be interpreted as the five-dimensional limit
of the six-dimensional theory with gauge group U(A + B + AB) and adjoint matter that is
engineered from X
(δ=B(A+1)−1)
A+B+AB,1 . It should however be noticed that the five-dimensional theory
is not at a generic point in its moduli space: this can be seen by counting the independent pa-
rameters of the web diagrams. The web diagram in Fig. 11 has a maximal set of A+B+AB+2
parameters and the decompactification limit gets rid of one of them. As a consequence, we are
left with A + B + AB + 1 independent parameters in Fig. 12. However, the most generic web
of the type Fig. 12 allows for AB + 2(A+B)− 1 parameters. Hence, the theories we obtain in
the reduction from six dimensions live in a codimension A+B − 2 subspace of the full moduli
space. For low values of N = A + B + AB, some of the five-dimensional theories that can be
engineered as limits of shifted web diagrams are displayed in table 1. It should be noted that
web diagrams of the same ’length’ N (but different shift δ) can give rise to five-dimensional
gauge theories of different rank. We can also describe the five dimensional theories that can
be obtained from a six-dimensional U(N) theory in terms of the parameter N . In this descrip-
tion the possible five-dimensional theories include [U(N+1
D
)]D−1 with D− 2 bifundamentals and
2(N+1
D
−1) fundamentals, where D is any positive non-trivial divisor of N+1. This presentation
explains various gaps in table 1. Indeed when N + 1 is a prime number there are no non-trivial
divisors and hence no five-dimensional limit of the type discussed above.
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parameters of X
(δ=B(A+1)−1)
A+B+AB,1 5-dim. gauge theory
N A B δ = B(A+ 1)− 1 gauge group F BF
3 1 1 1 SU(2) 2 0
5 2 1 2 U(3) 4 0
1 2 3 [U(2)]2 2 1
7 3 1 3 U(4) 6 0
1 3 5 [U(2)]3 2 2
8 2 2 5 [U(3)]2 4 1
9 4 1 4 U(5) 8 0
1 4 7 [U(2)]4 2 3
11 5 1 5 U(6) 10 0
3 2 7 [U(4)]2 6 1
2 3 8 [U(3)]3 4 2
1 5 9 [U(2)]5 2 4
13 6 1 6 U(7) 12 0
1 6 11 [U(2)]6 2 5
14 4 2 9 [U(5)]2 8 1
2 4 11 [U(3)]4 4 3
15 7 1 7 U(8) 14 0
3 3 11 [U(4)]3 6 2
1 7 13 [U(2)]7 2 6
Table 1: Non-trivial five-dimensional limits for N ≤ 15
4 Conclusions
In this paper, we continued our exploration of the extended Ka¨hler moduli space of a class of
toric Calabi-Yau threefolds XN,1. In previous work [42] we have shown that the latter engineers
a U(N) gauge theory with adjoint matter on R5×S1, which in the limit of vanishing S1-radius
gives rise to a five-dimensional theory with the same gauge group. In this work, we investigated
regions in the moduli space of XN,1, where the geometry is described by so-called shifted web
diagrams X
(δ)
N,1 (with δ ∈ {0, . . . , N − 1}) first introduced in [24], an example of which is shown
in Fig. 1. We specifically investigated co-dimension one limits in which the latter engineer five-
dimensional quiver gauge theories with gauge group G ⊂ U(N) (and various different matter
contents). At the level of the six-dimensional theories, the topological string partition functions
computed from X
(δ)
N,1 and X
(0)
N,1 = XN,1 are identical (as shown in [31]) and thus engineer dual
six-dimensional gauge theories, which, however, admit different five-dimensional limits.
Our analysis is based on a number of specific examples, from which we managed to extract
an emergent pattern, which we conjecture to hold in general: starting from a six-dimensional
N = (1, 0) U(N) gauge theory with adjoint matter, we conjecture that there exists a five-
dimensional limit engineering an N = 1 [U(N+1
D
)]D−1 gauge theory with matter transforming
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in D− 2 copies of the bifundamental and 2(N+1
D
− 1) copies of the fundamental representation,
where D is a positive non-trivial divisor of N + 1. Furthermore, the limits can already be
described at the level of the web diagram, which allows for a direct computation of the partition
function using the (refined) topological vertex (as showcased in the example X
(1)
3,1 , where the
five-dimensional limit gives rise to the web diagram of dP3).
The limits we studied in this paper certainly do not exhaust all possible ways to con-
struct five-dimensional gauge theories from parent theories on R5 × S1 that are engineered
from (shifted) web diagrams. As an example, several webs allow for limits in which the six-
dimensional gauge group U(N) is completely broken to [U(1)]N , which, however, were not
discussed in the present work since they are rather trivial. We, however, cannot rule out the
existence of further limits, which give rise to five-dimensional limits with a non-trivial gauge
group and leave the study of their existence to future work. Conversely, the five-dimensional
theories obtained in this work are consistent with the classification of five-dimensional theories
discussed in [5] as all of them appear via geometric engineering from Calabi-Yau threefolds.
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A Decompactifying limit and the partition function
In this section we discuss the relation between taking the limit Q? 7→ 0 (at the level of the
partition function ZN,M) and the corresponding effect on the web diagram of X(δ)N,M (with a
potential shift δ 6= 0). We shall keep the discussion completely generic and consider Q? = e−t?
where t? is the Ka¨hler parameter such that (keeping all other parameters fixed) it controls
the size of a certain number of P1’s in the geometry. We would like to show that in the
limit Q? 7→ 0 the topological string partition function remains well defined and is given by a
corresponding decompactification of the web diagram. Let W be the web diagram and denote
the corresponding partition function by ZW . In the limit Q? 7→ 0 suppose that the web diagram
becomes W0 with partition function ZW0 . Recall that the topological string partition function
written with the help of the topological vertex is an expansion near the large Ka¨hler structure
limit [43] and are given by a power series in e−ta where ta are the Ka¨hler parameters. In the
case at hand, we keep the Ka¨hler parameters other than t? fixed as we take the limit t? 7→ ∞
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We consider the partition function ZW/ZW0 as an expansion in Q?:
ZW
ZW0
∑
ν1···νk
Q|ν1|+···+|νk|?
Zν1···νk(Qi, q, t)
ZW0
=
∑
K≥0
QK?
WK(Qi, q, t)
ZW0
= 1 +Q?
W1
ZW0
+ · · · , (A.1)
with the expansion coefficients
WK(Qi, q, t) =
∑
|ν1|+···+|νk|=K
Zν1···νk . (A.2)
The function Zν1···νk is the open string partition function which captures the contribution of open
strings in the presence of Lagrangian branes with boundary conditions given by {ν1, · · · , νk}
[44, 45]. These Lagrangian branes are placed on the legs which get decompactified as Q? 7→ 0.
The function WK does not depend on Q? and is well defined for any K. It captures the DT-
invariants [46] for a class of sheaves supported on the curves labelled by the class of Q?. Since
WK do not depend on Q?, in the limit Q? 7→ 0 the partition function ZW reduces to ZW0 .
B Intersection numbers for XN,M
In the following we give a very rough calculation of the intersection numbers in the elliptic
Calabi-Yau threefold X
(δ)
N,M , relying mostly on known results in the literature.
B.1 Infinite toric fan
As in [23], we start by considering an infinite toric fan, which can be decomposed into the
following set of maximal cones in R3:
σ1i,j = R≥0(i, j, 1) + R≥0(i+ 1, j, 1) + R≥0(i, j + 1, 1) ,
σ2i,j = R≥0(i+ 1, j, 1) + R≥0(i, j + 1, 1) + R≥0(i+ 1, j + 1, 1) , i, j ∈ Z (B.1)
where the triples (i, j, k) ∈ Z3 are called ray generators in the following. Since all ray generators
in (B.1) end on the same plane defined by z = 1 in R (i.e. k = 1 in all cases), the resulting
geometry is Calabi-Yau and non-compact. A local region of the toric fan looks as shown in
Fig. 13, where it is sufficient to show only the x − y plane at z = 1 due to the Calabi-Yau
condition. Each wall, that is the intersection of two maximal cones, defines an irreducible toric
curve. There are three families of curves, diagonal (blue), horizontal (green), and vertical (red)
(the orientations are defined with respect to the dual toric graph Fig. 13 (b)). The walls have
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σ2i,j
σ1i,j σ
1
i+1,j
σ1i,j+1
τi,j
τi,j+1
τi+1,j
(a)
Ci,j+1
Ci+1,jCi,j
Di,j+1
Di+1,j
Di+1,j+1
Di,j+2
Di+2,j
Di,j
(b)
Figure 13: (a) A local view of the x − y plane at z = 1 of an infinite toric fan with some
maximal cones σ and walls τ labeled. (b) A local view of the dual diagram to our infinite fan
with some curves and divisors labeled.
the following form:
τi,j = σ
1
i,j ∩ σ2i,j = R≥0(i+ 1, j, 1) + R≥0(i, j + 1, 1) ,
τi+1,j = σ
2
i,j ∩ σ1i+1,j = R≥0(i+ 1, j, 1) + R≥0(i+ 1, j + 1, 1) ,
τi,j+1 = σ
2
i,j ∩ σ1i,j+1 = R≥0(i, j + 1, 1) + R≥0(i+ 1, j + 1, 1) . (B.2)
Due to SL(2,Z) symmetry, the three families of curves are equivalent to each other, i.e. they
are mapped into another in different SL(2,Z) frames. It is thus sufficient to focus on one class
of curves. We choose the diagonal (blue) one. In the following, we shall follow [47] for a general
result (reduced to a three-dimensional fan) and apply it directly to the specific construction
above: Let ui=0,1,2,3 be four ray generators in a smooth three-dimensional toric fan. If τ = σ∩σ′
is a wall in the latter, which is defined through
τ = R≥0u1 + R≥0u2 , σ = R≥0u0 + R≥0u1 + R≥0u2 , σ′ = R≥0u1 + R≥0u2 + R≥0u3 ,
there exist integers b1,2 such that the wall relation
u0 + b1u1 + b2u2 + u3 = 0 (B.3)
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is satisfied. The intersection number of the irreducible curve Cτ associated to τ with the divisor
Du associated to any ray generator u of the fan is then given by:
Du · Cτ =

1 if u = u0, u3 ,
bi if u = ui for i = 1, 2 ,
0 else .
(B.4)
Specifically, for the toric fan (B.1), we have the wall relation for τi,j defined in (B.2):
(i, j, 1)− 1(i+ 1, j, 1)− 1(i, j + 1, 1) + (i+ 1, j + 1, 1) = 0 , with b1 = b2 = −1 . (B.5)
Thus (B.4) directly yields the following intersection numbers for the curves associated to τi,j in
(B.2), with all divisors (associated with the ray generators u)
Du · Cτi,j =

1 if u = u0, u3
−1 if u = uk for k = 1, 2
0 else
(B.6)
By SL(2,Z) symmetry, we thus have the following non-zero intersection numbers for the dual
toric diagram in Fig. 13 (b):
D · Ci,j =
{
1 if D = Di,j, Di+1,j+1 ,
−1 if D = Di+1,j, Di,j+1 ,
D · Ci+1,j =
{
1 if D = Di,j+1, Di+2,j ,
−1 if D = Di+1,j, Di+1,j+1 ,
D · Ci,j+1 =
{
1 if D = Di+1,j, Di,j+2 ,
−1 if D = Di,j+1, Di+1,j+1 .
(B.7)
Summarizing these results in words, we can say: The intersection of a curve C with a divisor
D is 1 if C sticks out D and it is −1 if C lies inside D.
B.2 X
(δ)
N,M and intersection numbers
In [23], the authors gave a toric construction of XN,M . Roughly speaking, they consider an
infinite toric fan quotiented by NZ×MZ to impose periodic identifications in the web diagram.
In the following we assume8 that there exists a similar quotient, which gives rise to the periodic
8Although we have not checked explicitly the existence of a quotient that satisfies all consistency conditions
given in [23], we have checked our results for the intersection numbers (B.8) and (B.9) in various cases through
other methods. In particular, for the cases X
(δ)
2,1 , X
(δ)
2,2 (for δ = 0, 1) and X
(δ)
2,N (for δ = 0, 1, . . . , N − 1) we have
calculated them independently by representing the geometry locally as (combinations of) P1 × P1 and found
complete agreement. This leads us to believe that a quotient procedure as detailed below can be employed to
compute the intersection numbers.
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identifications required in the web diagram X
(δ)
N,M . For most curves and divisors, this quotient
does no change the intersection numbers as devised in the previous section. Nevertheless, in
the webs X
(δ)
N,M with N = 1 or M = 1 some curves will see their intersections numbers modified
due to the fact that a given curve C can now intersect two irreducible divisors D and D′ that
are identified under the quotient procedure. We will discuss in the following the two special
situations that may arise for N or M equal to 1, thus changing the effective rule given at the
end of the previous section. It is sufficient to focus on configurations of type XN,1 as the X1,M
configuration will follow the same pattern by SL(2,Z) symmetry.
C
D1
D2
D3
Figure 14: A curve C and divisors D1,
D2 and D3.
• Case 1: The curve C lies inside two divisors which
get identified under the quotient action. In the infinite
fan we can consider the intersection of the toric curve
C with the divisor D = D1 +D2 in Fig. B.2:
C ·D = C ·D1 + C ·D2 = 1 + 1 = 2 (B.8)
Under the quotient action, the two irreducible divi-
sors get identified D1 ∼ D2, leading to the result
above.
• Case 2: The curve C lies in one divisor and sticks
out of another one and both get identified under the quotient. In terms of the infinite fan we
are interested in the intersection of C with the divisor D′ = D1 +D3 (see Fig. B.2)
C ·D′ = C ·D1 + C ·D3 = 1− 1 = 0 . (B.9)
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